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BASIC DOUBLE HYPERGEOMETRIC FUNCTIONS (ID) 
By F. H. JACKSON (Eastbourne) 
[Received 6 October 1943] 


1. Introduction 

THIS paper is a continuation of a previous one by the writer and 
investigates the confluent forms of the functions. As in the first 
paper the expansions are obtained by using certain functions of 
symbolic operators, formed from basic hypergeometric series, in 
which two of the parameters are replaced by symbolic partial 
differential operators x@/éx, y/éy. This method originated in papers* 
by Professor Burchnall and Mr. Chaundy, who suggested to me that 
it might well be adapted to basic functions and operators. It is 
obvious that the method can be used to obtain results of great 
generality in basic series. I give one example in the case of a func- 
tion with nine elements (a, 6, c, a’, b’, c’, h, k, A). It is, however, in 
the simple special cases connected with the addition theorems of 
basic Bessel, Laguerre, and other functions that results of most 
interest may be found. The late Professor Forsyth once suggested 
to me that, if the base g in the operator (1—g®)/xz(1—gq) and also in 
the basic functions were replaced by 1-+-e, the resulting analysis 
might possibly prove useful in dealing with physical problems in 
which assumed conditions are never in exact accord with reality, 
whatever that may be. I hope to develop this suggestion. 

In this paper I make a change in the notation from that of my 
first paper, by introducing a factor A into the index of the solitary 
factors so that q’""—» replaces g™"-¥?, This change does away with 
the distinction between normal and abnormal functions. It permits 
also of the use of the following lemma: 


LEMMA. 
gens [e-+e']sfe+e’—1y 


yy (m)! (0)! (C)m(CYn (NY! (e)v(e)w(e+e’— Dy 








m+n 
in which @y = (1-1-4)... 1—**)), 
[o-te’Jy = (I—grt*)(1—gre"*#)...(1 grt? 2-9), 
The brackets (), [ ] are convenient to show advances in factors 
by g, ¢? respectively. 


* Burchnall and Chaundy, (2), (3). 
3695.15 gE 
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This lemma enables us to effect transformations of functions 
denoted by Y,x‘f, and also a basic analogue of the curious 
F(a,b;c;x+-y—2xy) discussed by Burchnall and Chaundy. Y,, ‘Y are 
connected with the basic analogues of Bessel, Whittaker, and 
Laguerre Functions. The basic analogues of Bessel and Legendre 
Functions were investigated many years ago by the present writer 
using another method.* 


2. Definitions of the functions 
In the confluent functions the factors are basic numbers: thus 


(a) = (1—q*)/(1—9q). 
I define the following basic functions: 


pe a (2) m+n(6) An(n— 
Y (a; b; C3 a, y; r) _ m+n m xmy"q nun 1), 
. >, (m)! (n)! (C)m+n 


m=0 n= 
e , . = (a) + (b) Xr e 
Wy -b:¢.¢c':24,y:A) = m+n\" /m “My Ny AN(N 1), 
iin. D, (mpl al chal a? e 


m=0 n= 


= a,a’:b; a; sA = (4) m(@")n ( mn man An(n—1) 
ap. (mn)! (min 


m=0 n= 


@ 


"ete lenl. r (2) m(8)m(@’) n Man nmn— 
(a, b;c; x) ,,(a’';c’;y,A) = > vaste: Ca¥ yrgrnn-2), 
0 m n 


m=0n 


oo os 


. ’ (2) m(@’) An(n— 
ie . -Ci2,Y3 a m nm man n(n 1), 
a(asa’sese.¥iN = > > Gmina oe 


(2) +n Ss amyngrn(n—1), 


(m)! (2)! (C)m(C’)n 


m=0n=0 
@ 


Y,(a;c,c’;2,¥;A) = 


@ Cl @ re fe | \m( u'), _ Mn An(n—1) 
Pesci) Ole'ses¥% = YY carol eee es 


S : (2) m( (5) An(n— 
a. 9(@; b; C,2,4 ¥' = m m gmyn n(n 1), (8 
) )!(m)! (C)m+n . . ) 


D(a; b;¢; x) (Py(0'5y3A) = tte arr oO 


Jnl 


Y3(a;¢;a,y,A) = xmyngum-0), (10) 


Aes +n 


° Fy, oe. pail (4) 193, (5) 1. 
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When A = $} we have, in the notation of my previous paper, 


@ oo 


O(a, b;¢;2|+y) = Creat es amyngin™—) (11) 
=0 m+n - 


mpi )r ¥ 
2 Or (x+y)(x+qy)...(~7+ qty), (12) 


which is the natural sicsliande é F(a,b;c;x+-y). 


3. Elementary operations 
For convenience of reference I restate the fundamental operations 


xy" _(—m),(—n) mygn rd iy, 


amy” —_ i 


— 9)" Gayl (yi (an)! (n)! (m—r)i(n—ryi’ ' 
(1—h—0—4), ay" = (—Y(h-+-m+-n—r),amyngrrsVi2-ramin, (14) 
(Gi (h)}-* = lim (1—gy(1—¢"*9)..(1— gh") (19) 





h+6)G(h ; ; 
Ah) = Sere V,(h) is the inverse of A,(h), 


Veh = iy Aenean, (a) 
Applying the A, V operators to the functions (1),..., (12) we obtain 
Y,(a; 6; ¢; x, y; A) g@)A,_(c) (a, b;c; x) D,(a;c;y;A) (16) 

JE, (a, a; b;c; x,y; A) (17) 

= Ao% ie: b;c,c;2%,y;A), (18) 

- Aiiieko) 00 

V,(a)®(a, b; c; 2) D(a; ce’; y;A), (20) 


Vl 
V,(a 
E,(a,a’,b;e;x,y;A 
Vi(a;b;c,c'32,y; qi 

a()P(a, b; c; x) (D,(c; y; A), (21) 
(©) 4 (a; c; x) gD, (c; y; A), (22) 
q(@)A,(c) D(a; c; x) M,(a;c;y34) (23) 


Y,(@;¢;x, y;A 


)= 
A) = 
5,(a;b;¢;2,y;A) = 
)= 
)= 


A Ae 
A 
19, (a;¢;2|+y V, 
= V,(a)V¥2(a,4;¢; x, y; 3) (24) 
A,(c)'¥2(a; ¢, ¢; x, y; 4), (25) 
O(c; z|+-y) = Ag(c) (Pi(C; x) oP i(C; y; 4), (26) 
Y,(a, a’; ¢;x,y;A) = A,(c) P,(a; ¢; x) P,(a’; c; y; A), (27) 
( 


¥,(a; ¢,¢; x, y;A) = V_(a) (a; ¢; x) D, (a; ¢’; y; A). (28) 
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For each of the operators V,A, VA; there is an equivalent hyper- 
geometric operator series. It is convenient to divide the expansions 
into five groups, each group under its appropriate operator series. 
Detailed analysis is given in one case only: special care is needed 
for right determination of the q-solitary factors. 


3.1. The operator function 


—* (—9),(—¢) 

V,(h) = F grth+0+$), 29 
a) = > am, ” 
We can obtain eleven expansions by applying this operator to the 
identities (17), (20), (24), (28), and to the inverses of (17), (19), (21), 
(22), (25), (26), (27). As an example, consider its effect on ‘Y, as 

given by (20). Writing a for h in (29) we have 

Yi (a, b;c,c’; x,y; A) 


a" . (—0)(— ?), r(a+0+¢) (4) m(B)m(@)n _ pg NpAn(n—1) 
7" p (i@), * >> (im)! (m)I(C\m(Cn » 4 


20 —m) yf t)-(2)m(O)» (2) », r(a+m+n)+An(n—1)y~m,n 
=> >35 (m) alererer! = 


since (—m),(—n), = 0 for min(m,n) < r, 


2 (2) s(b) u(y 
>, D2, fale ri ChE) 


r=0 m=r n=? 


m=0 n=0 


r=0 m=r n= 


I 


. qr +m-+n)+An(n—1)4+7(—m—n +r—Lymayn 


We replace m,n by M+-r, N+-r, (a), by (a),(@+1),,;, and so on. 
This gives 


2a Del es ay" gratisAnr— 1), 


- Da ran (6+1r)y(4+1)y _ g2MN+ANW 1) MyN 


!(e+r)y(c'+r)y 


= >a ake grata +Ayr(r—1) », 


i ee ae (30) 

If we put A = 0, we have a confluent form of one of the expansions 
of the former paper; if A = 4, we have the so-called abnormal form. 
In connexion with addition theorems for basic Bessel and other 
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functions we have A= 1. Inverting (22), we obtain by using the 
operator function V,(c) the expansion 


1D; (4; €; X) gD, (c; y; A) 
(4), +(14A)r(r—1) . . 2Ar 
= —_A Ff __ ry? Y(a+r;c+ 2r; 2, 3A). (31) 
-> MCCy ‘ a 
Similarly, from (25) by inverting we get 
‘Y,(a; ¢, ¢; 2, y; A) 
e (@)o Nrir— ; - 2Ar. 
= ary eta+Are-) @, (a+ 2r; c+ 2r; 2, 3A). (32) 
“—_ CHONG Nake 19,( yg; 2) 
We should note that when A= }, the function ,®, becomes 
M, (a+ 2r;c+ 2r;a|+q"y). 


From the other identities involving V, we similarly have 


C3 (a),(a’ \r re Nr(r-1) 
1, (a; c; 2) | ®,( (a’; CyYy; A) = -> @l(c),\cn 2 +1+Ar(r—-D) 9¢ 


x Y,(a+r, a’ +r; c+ 2r; 2, yq™; A), 


O(a, b;c; x) ,(a’,c;y,A) = + eee ary"greHinr—D x 


x Raine +r;b+r;c+2r; x, yg; d), 


¥ e a r b T wo pra r— 
Y1(a; 63 ¢32,y;A) = b ate eerrex 
r=0 . 


x E,(a+r,a+r;b+1r;c+2r; x, yg; A), 


=. (a)o,(b), 
Hleibicrcis. id) = > re ie eve ix 
r=0 ° 


x Y(a+ 2r; b-++-r;c+-2r; 2, yg”; A), 


SAB srurcresasine 
O(a, 6; ¢; x) (Dy (c;y3A) = > are! e+H1+Arr—1) ¢ 
r=0 r 


x B(a+r;b+r; c+ 2r; x, gy; A), 


= (a) Nrir— 
®, {a;c; (x A} = ——F__ gly gra Hl+Arr-)) x 
1 if ( |+y) } a (r)! (C)o y q 


xT (a+r, a+r30-+2r; x, yg; 2), 
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Pa tk ; ee . (2), rat raH1+Ayrr—1) 
¥2(45¢,¢52,y3A) = > - — x"y"¢ Xx 
r=0 ’ ( ; : 
x (a+r; c+r;x) O,(a+r;c’+r;yq;A), (39) 


] 
oP, (C; %) (P,(c; y; A) = > (r)! (c),(e) -atyt greta) x 
r=0 r 2r 


oP, {c+ 27; (a|+-y?"); A}. (40) 


3.2. The operator function 
se: a (A) o(— 6),(— $), gre -Di2+rh+0+9), 
pS (r)! (h4+r— 


Ad(h) 1),(h+0),(h+-4), 


I 


= 


(41) 
From this operator we obtain the seven series 


5, (a, a’;b;c;2,y;A) = > (-¥ yf Prey Sx 


O(a+r, b+r;c+-2r; 2) ,,(a’+r;c+2r;q"y;A), (42) 


: < @),,(b),. “3 
Yy(@; 63052, y;A) = > (—! oi ar (cs Sephora, 


=0 
x Wi (a+ 2r, b+1;e+2r,c+2r;2,g%y;A), (43) 


Y,(a, a’;¢ 52, Y; d) ic at ay me aC ( , arytgretAtirer-D) x 


x ,@, (a+r; c+ 2r; x) ,@,(a’ +r; c+ 2r; syg™; A), (44) 


1P, (a; ¢;2|+-y;A) - => mie ie a, ary" cHAtirer-D) x 
r=0 r\“ Jor 
ae, 4 ee gr’; yr), (45 
2 ¥4 
a = a),(b),. . 
Bx(a;b5¢;2, 93) = > Yonsen cag STD: Hi 
r=0 refer 


x @O(a+r,b+r;c+2r; x) (D,(c+2r;q*y;A), (46) 
a = a 
Y3(a;¢;2, y3A) = Zz (—Y¥ or eae aad peer rx 
1, (a+r; c+ 2r; x) @, (c+ 2r; yg”; A), (47) 


x 
Mc:2\+9% = > (-Yorepraieet 


X p® (c+ 2r; x) (D,(c+2r,q*y,A). (48) 
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3.3. The operator function 


aw = 5 ak OB), op 





(I—h—0—4),~ 


This gives the four identities 


@(a,b;c; 2) ,D,(a;c’;y;A) = ye Y BIC), 5 xrytgratA+inr—) x 
or 


xB latrjb-trje+r,c’+r,2, 993A), (50) 


r=0 


®, (a; c; x) D,(a;c’;y,A) = p (— roti rgratA+irr—) y¢ 


x W(a+r;c+r,c’+r; x, yq;A), (51) 


@ 
(a),(6), ay r, gratAtinr— “ly 


Ss (r)! (Co, 
x Yy(a+r;b+r;c+ 2r; x, yg; A), (52) 


E, (a, a; b; c; 2, y; A) 


Y,(@, a; ¢; 2, y;A) = > (— yp Or gryrgqra sir 
r=0 


(r)! (C)o, 
x ,®,(a+7;c+2r; a, yg?;A). (53) 


3.4. The operator function 
(k— h)(h)o-(— 6),.(— $), qe Vi2+7k +049), 


V,(h)Ag(k) = 2 (r)! (k-+r—1),(k-+0),(E-+-4),(), ae 


Here we derive the two series 


b » ee ‘ =e . = (a),(c —4a), Py jTarcHA+Dr(r—1) 
P6190 — > Het 


x (a+r; c+ 2r; x) ,O,(a+r;c+2r;qy;A), (55) 





P Lasts en x i (a),(b),(c—a), rarceHA+Dr(ir—1) 
Tyasbseie wn = D> eretr—Tee - Xx 


O(a+r,b+r; c+ 2r; x) @,(a+r;c+2r;q*y,A). (56) 


3.5. The operator function 


cd Me (h— k),( —$?), r 
Vahidatt) = > ray ae. k— = oe 
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Here again we have two series 


oo 


ii ain a rate a ary gest D > 
r=0 2r 
X O,(a-+75; + 2r;|-+g"y;A), (58) 
(a,b; c; x) M,(a;c;y3A) = 2 oe va rad & seaieatmers 
‘F2r 


« Y (a+r; b+1; c+ 2r;a,q”y;A). (59) 


4. Special theorems 





Lema I. (a sal Js grt = tall § (60) 
m+n=N (m)! (7 v)! ( )! 
Lemna IT. 
ge —1) fe. [c+e’], fee’ —1]}y (61) 


B y (m)!(M)!(C\m(En (NYE (e)v(e)(e+e’— Dy" 


mMrn=l 
Of these Lemma I is the g-analogue of Vandermonde’s theorem; 
Lemma II is a special case of a theorem due to the writer.* These 
lemmas are useful in effecting transformations of the functions Y,, 
Y, from which basic Whittaker’s and Laguerre functions are derived. 
Consider the product Y, x ‘Y, in the form 


@ 
nee Mn ™m An(n—1) », 
x 
> z oi v4 


(1)! (C)m+n 
eo io 6 


(b) + Nv’ . 
x m+n . &u v v(v—1) 62 
2, >, wioiid,a,erer™ (62) 
p=0 v=0 
Replace A, A’, y, » by 0, 1, xgq*, ég¢ respectively, and apply Lemma I 
to the series Y,, Lemma IT to the series ‘Yj. We obtain 
> a a iM y 2 te lvld+d’—1]y gn 
- (M ~, \w(d+d’—1)y 


2(a, a’; c; x, xq*)¥,(b; d, d’; €,&g%;1). (63) 






If a+a’ = c¢, 


— (@+0') x4 ° 
PA ae _ ap tat oe 


* Jackson, (1) 68, § 8.4 (3). 








BASIC DOUBLE HYPERGEOMETRIC FUNCTIONS 


the basic analogue of e”, and we have, when g = 1, 


Ce eh) = Mlaasata's2, 205d, 0568 
(65) 


in the notation of the ordinary confluent functions. 


5. Basic Laguerre polynomials 


Defining the basic analogue as 


P _ Ga+n+1) , a 
Le (x) = Gayl Olea) —n;a+1;2; 4), (66) 


we obtain from (55), (58) 





= (n— —1)! (a+ 2r)G(a+r) aor? y 
atl ty) = an Nideieweih Oe 


x Lath (a) LaF" (yg, 3), (67) 


__ qar(r—1/2-rn x 
Berra! 


x Lat P(e|+9'y, 3). (68) 


Formulae for L%,.n,9(2), Di, g(®) Li. g(*), 





De, q(%) x)L,, a> 3) = = ee > (r)!G 


analogues of those given by Erdélyi and Howell,* can easily be 

obtained, but it will suffice to say that they arise by giving special 

values to the parameters a, a’, c in formula (63) and its inverse. 
From (56) and Lemma I we obtain 


lene x r (a),(a’), re+r(r— 
*o+e'ies) — > (logis , 


r=0 
x (a+r; c+ 27; x) ,(a’+r;c+2r;x), (69) 
from which an expansion for the basic function L*,,,,¢(x) can be 


derived, namely, 


(m)! (n)! (a-+-m-+n+1) 
(m+n)! 








min(m,n) 
—}; (0+ 2r)G(a-+1)o™ ; ratrr—1) [x+2r a+2r 
‘ (Y Getmtrt+ Germ prp ye Lm arate mral@). 


* Cf. (2) 128. 


(70) 
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6. The basic Bessel function 
From (47) we have 
g*- 1/2 
(r)! (c), 
re+2r(r—1) opr: or: ay: 1). 
ad a (ry! ( oe . oP (C+ 27; x) (D, (c+ 2r; gy; 3) 
(72) 


On replacing x, y, c, gq by —x?, —y?, v+1, q? and, as before, using 
[ | to denote factorials advancing by g?, we obtain, from the series (71), 


®,(c;x|+y;4) = (w+y)(a+qy)...(~+qty) (71) 


It YO ,(z2+-y?)(a?+-g?y?)...(a?-+-97—*y?) 
< [2r]![2v+-2r]! ; 
For 2?, . q® substitute Re-‘9/2, Re#/2, e. We then have 


Rv ae 1/2 


SD et | , c08 8 cos(0-+w)...cos{9-+ (r—1)w}. (73) 
“av 


The expression (66) can be similarly transformed into Bessel’s form, 
and we obtain finally 


J4 R, cos,(0, w)} 


RY = 2. Ir—2 2 4r 2 #27 72 
wa yet ih PVT Ar] gar sar—2 2) 34, (y), (74) 


gvter = 


"pra &e) = > (—) erly Br]! 


r=0 


v+2r 
¥y Sr*—r 


By similar transformations of (39) we obtain 


TE) 34y) = S (— U0 'T af B, 008 (0+ 19, e)} 


[2v-+-2r]![2r]! 
(75) 
where the index (r,v) = 4r?—3r/2. 

From lemma (12) we easily deduce 


= [2m]! [2m]! {2m-+ 2n},{2m + 2n+ 2}, 
—jy r . (76 
Jin @)Sn(t a [2r]! [2m-+ 2],[2n+ 2],[2m+ 2n-+ 2], stb 
Here { } denotes factorials advancing by q?*. 


Theorems similar to (72), (73), (74), (75) but obtained by other 
methods have been given previously by the present writer.* 


* Jackson, (4), (5). 
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7. Basic analogue of F(a,b;c,2+y—azy) 

Burchnall and Chaundy have given several interesting expansions 
of this exceptional form of hypergeometric function. I give here 
some basic analogues. We need the following lemmas which I owe 
to Dr. Bailey: they are derived from a theorem due to G. N. Watson.* 

(b—h), (—8), (—¢) | 
® 
’ | (1—a—6—¢), (b) *4 } 
A,(a) s0,| ,geteesOsd), (77 
al )s 2 (a), (b) q ) 
from which, on _ a, b, h by b, 1—a—0—¢, c—a, we obtain 
1—c—6—4), (—8), (—¢) 
© a ( : 
aa ga _0g) 8 
ae (c Ps —c-1]- 8 
= 50) 204 Ee Gos oye Poa |s (78) 
also, if in (77) we replace h by a+6b—c, we Pic 
(c—a), (—8), (—¢) 
wu 
y | (1—a—6—4), (b) ° ‘ 
(a+b—c), (—84), (—¢) 6 
3 A a CO) ; + +¢ ° 79 
ah )s' | (a), (b) i ( ) 
It is well to note that the functions on the right and left of (78), (79) 
respectively differ only in the solitary q-factors. From Watson’s 
theorem we also derive a special case 


Ay(c),0,] FPO | b _ (— ¢) get] 


), 
- 1),[e+1](c—a),(c—b),(—8),(—$)r oa+d+8+6). (80 
“_ ()!@)Ofe—1}le+Oe+9), jes 


b) 
Applying (75) to S ¥ ees geet 


+ 
m=0n Jn+n 


we obtain by the method given in detail in (29) 








(5), r a —C, r— 
pz. ray yg eto Dar, b+r;e+r,2\+9'y,4) (81) 


=> yon —r aryr rgratb—c)+rr— “Dy 


C)op 
ee weieiin sss (82) 
* Watson (8). 











60 F. H. JACKSON 
When |g! < 1, the series (81) is absolutely convergent, so that on 
replacing the functions ® by expansions and collecting terms dia- 


gonally we obtain 


x yt (a|+9q"y)!—ayqtt?-< A & (83) 


in which the variable of term r+1 is a polynomial analogous to the 


expansion of (2#+-y—ay)’, namely 


= (r)! (a+t ( 1) 
7 |-+¢ 1 road) 8 778(a+b—c)+8(s— 84 
2, ile i tlt Ty) yg (84) 
By applying lemmas (79), (80) we obtain the following equi- 
valent series: 
oO } —— 
_y@ Meh Deke @r aryrgratne- VO(a+r, b+r,b+r; e+ 2r; x, gy; 4) 
(7): (C)o, 
(85) 
= > OAT O— Or gryrgresr-D x 
(7): (C)op 


<D(a+r,a+r,b+r,b+r,c+2r;x,q’y;4) (86) 


r=0 


-_ S (4), (b),( (c— 1), [e+ +1 J,.(e (o—)r soyrgra +b)+3r(r—-1)/2 y¢ 
(r)! (C)o,(¢ (c).,[¢ ?¢ aL 
<O(a+r,b+r;c+ 2r;x2)O(a+r,b+r,c+2r;q’y;4). (87) 


r=0 


The equations (81), (85), (87) reduce when q = | to the direct expan- 
sions of F(a,b;c;2-+y—ay) given by Burchnall and Chaundy. The 
forms of inverse results are easy to conjecture, but the only possible 
proofs appear to be by verification of terms, involving much tedious 
algebra. It does not appear worth while to give them. 


8. Function of higher order 
Consider 
V(h)A,(k)®(a, 6; c; 2) O(a’, b’; c's y, A) 


S> He) msn(E)n(@)n (Om n( 2’ )n(’)n pm ng nin 
2D, Dm)! (2)! Cyl), 


, h:k,a,b;k,a’,b'; | yA 
= k:h,e;h,c’; lien 
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in the convenient notation used by Burchnall and Chaundy. Apply- 
ing the operator series equivalent to V,(h)A,(k), we obtain 


ce = S (k—h),(kt) -(—m),(—) (A) m+n) n(@ nO) m(*)n(@ (On 
e, (r) (k-+-r—1),(k-+-m),(k+-0) (1), )msn(Cm()n(C’)n 


x amyngrk +m+n)+r(r—1)/2+An(n —1)+1(-m—n)+r(r-1)_ 











xX 


r=0 m—r=0 n—- 


Remembering that, when min(m,n) < r, (—m),(—n), vanishes, we 
put M-+-r, N-+-r for m, n and obtain 


o « pd (k—h),(k)o-(h) ap+.v+2r(k) arr x 
(r)! (k-+r—1),(k+M+r),(k+N-+r), 
) 


r=0 M=0 N= 


(2) apsr(O) ay 4p(h )yip(@ i nr’ IN -+7 gM tryN trgrk + Drtr— 1)4+AN(N —1)+2ANr_ 
: (h),(k)arsn+2r(C)arr(h)w. srl ar 
whence by reduction of factorials such as (@)),,, = (@),(a@+1r),, we 
find the final as 


(k— h), (k)?(a a),(b a’),(b' (b'), ryt grkHA+Prr—1) 
> wi ies oe ded: 7 Nad r 


k-+r,a-+r,b-+r. k+r,a’+r,6’+r_ *;.] 88 
x0, k+2r,c+r :2|,0] k+2r,c’-+r a | 3A] (88) 


Other expansions analogous to those given by Burchnall and 


r=0 


Chaundy can be found. 


REFERENCES 


1. W.N. Bailey, Generalized Hypergeometric Series (Cambridge, 1935). 

2. J. L. Burchnall and T. W. Chaundy, Quart. J. of Math. (Oxford), 11 (1940), 
249-70. 

3. —— ibid. 12 (1941), 112-28. 

4. F. H. Jackson, Proc. London Math. Soc. (2) 2 (1905), 192-220. 

5. —— ibid. (2) 3 (1905), 1-20. 

6. —— Messenger of Math. 50 (1921), 101-12. 

7. —— Quart. J. of Math. (Oxford), 13 (1942), 69-82. 

8. G. N. Watson, J. of London Math. Soc. 4 (1929), 4-9. 





CERTAIN EXPANSIONS OF SOLUTIONS 
OF THE HEUN EQUATION 
By A. ERDELYI (Edinburgh) 
[Received 5 January 1944] 


1. RecentLty* [ pointed out that solutions of the Fuchsian dif- 
ferential equation of the second order with four singularities can be 
expanded in certain series of hypergeometric functions. In the pre- 


sent paper I consider, more generally, all expansions of a certain 
type of solutions of the Heun equation in terms of hypergeometric 
functions. The result is that all such expansions must essentially, 
ie. apart from transformations of the Heun equation or of the 


hypergeometric functions in question, be series either of the type 
considered earlier by Svartholmy or of the type dealt with in my 
former paper. Thus both types of series are now shown to arise from 
a systematic theory. The significant features of these two types of 
series are discussed, and it is shown that there is a connexion between 
series of two different types representing the same Heun function: 
the coefficients of the two series are essentially the same. 


2. All branches of the function defined by the Riemannian scheme 
0 1 a 00 
ri ® 0 0 a 2}, 
l1—y 1—6 l—e 8B 
where the exponents are connected by Riemann’s relation 
a+B—y—d—e+1= 0, (2.2) 
satisfy the differential equation 


Py 5 d 
Ay] =: e—alF4+(%+, +44) 4 + aB(z—h)y = 0 
(2.3) 


which will be called the Heun equation.{ For certain exceptional 

values of the ‘accessory parameter’ h, two (in general distinct) 

branches of (2.1), e.g. the branch regular at z = 0 and that regular 

at z = 1, coincide: such an exceptional solution will be called a Heun 
* A. Erdélyi, Duke Math. J. 9 (1942), 48-58. 


+ N. Svartholm, Math. Ann. 116 (1939), 413-21. 
t K. Heun, Math. Ann. 33 (1889), 161-79. 
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function. If necessary, we specify the Heun function by stating, e.g., 
that it belongs to the exponent 0 both at z = 0 and atz = 1. 






3. We shall try to find a solution of the Heun equation in the form 
of a series of hypergeometric functions. A hypergeometric function 
is a branch of a Riemann P-function with three singularities: these 
three singularities we shall choose at three of the four singularities 
of (2.1), for instance, at 0, 1, 00. At two of the three singularities, 
e.g. at 0 and 1, the exponents of the Riemann P-function may be 
made to coincide with those of (2.1) so that we shall expect an 
expansion of the form 











P=So,P (3.1) 


‘m*~m? 
m=0 









0 1 oO 
where Fi= Fi © 0 A+m 2}, (3.2) 
l—y 1—8 p—m 








and where, since the sum of the exponents of a Riemann P-function 
of the second order with three singularities must be unity, 

A+p = y+5—1= a+f—e. (3.3) 
Our object is to find out whether an expansion of the form (3.1) is 
possible, and, if it is, what are the admissible values of A and yp. 










4. Six significant branches of P,, are 


(—)"T(A+m) ,, 
ee Sas as 
ge A =a: l(1—p+m) F(A+m, p m;¥;2), 
o _ (—)"(l—y+A+m) 1p le 
P2 = 2ai-y F(1—y+A+m, l—y+p—m; 2—y;2), 
C(y—p+m) ht Aad ot? 732) 
_ P(A+m)P(1—y+A+m) 
— Dd—p+m)P(y—p+m) 
Pt = (1—z)!*F(1—8+A+m, 1—8+p—m; 2—8; 1—2z), 
s — PA+m)P(l—y+A+m) | ym 
—* TP(1+A—p+2m) . " 


x F(A+m, l1—y+A+m; 1+} A—w+2m;-), 







F(A+m, »—m; 68; 1—z), 






= — _ PA=p+2m) — ___ g-#+m yx 
P(l—p+m)l(y—p+m) 


x F(u—m, l—y+p—m; 1—A+n—2m;2) (4.1) 
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We shall assume throughout that 

6 
Tas — > Ty Poe 
v=1 

where the constant coefficients 7, do not depend on m (though they 
may depend on the exponents «,..., ¢, A, «). A function of the form 
(4.2) satisfies the differential equation 


ofs—1)t a2 E = \e +(A+m)(u—m)P,=90 (4.3) 


| dz? "\z "z—1) dzJ om 


and the functional equation 


dE mn + {aB(z—h)—(A-+-m)(u~—m)(z—a)}P,, 


dz 
es +1 Ln s +My } ae 


m 


€z(z— 1) 
— K 


where _ 
K.— (m+-a—p—1)(m+B—p—1)(m+y—p—1)(m—p) 
(2m+A—p—1)(2m+A—p—2) . 

Lin = AA+m)(u~—m)—haB 


(m+a—p)(m+B—p)(m+y—p)(m-+A) 
(2m+A—p)(2m+A—p+1) 


, (m—a+A)(m—B+A)(m—y+A)(m—p) 
bs (2m-+A—p)(38m+A—p—1) : 


(m—a-+A-+ 1)(m—B+A-+1)(m—y+A+1)(m+A). (4.5) 
(2m+A—p+1)(2m+A—p-+ 2) 7 


Me 


In fact, (4.3) is the differential equation satisfied by all branches 
of (3.2). We can prove (4.4) for P!, and P?, by substitution of the 
power series and comparison of powers of z: the extension of (4.4) 
to any P,, of the form (4.2) follows from the remark that any such 


m 


P,, is a linear combination, with coefficients independent of m, of 


m 
aa 22 
Fe ana Ff... 
In order to discuss the convergence of our series, some knowledge 
of the asymptotic properties of P,, for large m is needed. From 
Watson’s results* it is easily found that 
Ps 1—(1—1/z)! 


lim —"=3 


“ 4.6 
m—> x Tr. 1+ (1—1/z)! ( ) 


* G. N. Watson, Proc. Cambridge Phil. Soc. 22 (1918), 277-308. 
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while, whenever P,, is not a multiple of P3,, 


—I/z 
lim oe a re? <a (4.7) 
m—> Fe. 1—(1—1/z)! 


in both cases provided that R(1—1/z)! > 0. 


5. Let us now try to expand a solution of the Heun equation in 


a series 
m P (5. 1 ) 


m 


where the c,, are certain constant coefficients. From (2.3), 


Aly] = 2(2—1)(e— afa+ (+4) +e a)(A+-m)(u—m)y+ 


tee(e—1) 4+ faBle—h)—(A+-m)(u—m)(e—a)y 


and hence, from (4.3) and (4.4), 


Al 3 ¢, Pd — pe Cu Kon sa Penta t Le P,+4, M, m-1 Fs}. 


m= 


If cy ~ 0, the differential equation A[ > c,, P,,| = 0 thus implies the 
conditions M_,P.,= 0, (5.2) 


ita = 0, (5.3) 
+ D, Cm+M,, € =@ (m =i, 8, 3....). (5.4) 


Ky € m-1 1 4m “mT 44m Sm4+1 
Here (5.2), together with (3.3), determines the admissible values 
of A and uw and in each case the admissible branches of the P,,: (5.3) 
and (5.4) are a system of recurrence relations for the coefficients c,,,. 


6. We defer the discussion of (5.2) to the next section, and study 
in the present section the convergence of our series. 
If m + oo, we have 
lim 4K,,/m? = lim 4M,,/m? =1 and lim4L,,/m? = 2—4a, 


m m 
and hence we infer from a well-known theorem of Poincaré’s on 
linear difference equations* that ¢ = limc,,,,/c,, exists and satisfies 
the quadratic equation ¢?+(2—4a)t+1 = 0, provided that the two 
roots ¢, and ¢, of this quadratic equation have different moduli, 
i.e. provided that a is not a real number between 0 and 1. Determine 


* H. Poincaré, American J. of Math. 7 (1885), 203-58. Cf. also Milne- 
Thomson, Calculus of Finite Differences, p. 527. 
3695.15 F 
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(1—1/a)* uniquely by the convention R(1—1/a)! > 0. Then the two 
roots are 
1+(1—1/a)} 
aoe r, wif, (6.1) 
1—(1—1/a)? . 
t, being the root with the larger modulus. 

In general, i.e. if h is not a root of the transcendental equation (6.3) 
infra, Poincaré’s theorem furthermore shows that lime,,,,/¢c,, = t, 
and from (6.1), (4.6), and (4.7) it is seen that in this case > c,, P,, 
diverges unless P,, is a multiple of P>,: > c,, P?, converges for 


m m 


| 1—(1—1/z)*| _ |1—(1—1/a)! 
1+-(1—1/z)! 1+(1—1/a)*|’ 


i.e. if z is outside the ellipse which has foci at z = 0 and z = 1 and 
which passes through the third finite singularity, z = a. Outside 
this ellipse > ¢,, P?, is convergent and represents a solution of the 
Heun equation that belongs to the exponent A at infinity. 

In the exceptional case, when h is a root of the transcendental 
equation i, u,_™& M, K,/M, 
L,/M,—L,./M,- 
Poincaré’s theorem asserts that limc,,,,/¢,, = t and it is then seen 
from (6.1), (4.6), and (4.7) that in this exceptional case > ¢,, P,, is con- 
vergent for 


: O, (6.3) 


1+(1—1/z)! 1+(1—1/a)!| (6.4) 
1—(1—1/z)? 1—(1—1/a)? 
i.e. inside the said ellipse, with the possible exception of the line 
joining the foci of this ellipse: > c,, P,, represents, in this domain, 
the general solution of the Heun equation. In this case > c,, P?, is 
convergent in the whole z-plane cut along the line joining z = 0 to 
z= 1, with the possible exception of the cut itself. In this cut 
z-plane > c,, P>, represents the Heun function which in this case 
arises from the coincidence of the branch regular at z = a and the 

branch belonging to the exponent A at infinity. 


7. We now come to the discussion of (5.2). If 
A= a, Le p—e 
or if A= £B, p= a—e, 


then ./_, P_, vanishes, for all branches of P,,, identically in z. 
series arising from any of the above two admissible values of A and 


p will be called series of type (I). Take, for instance, (7.1). In the 
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general case, i.e. if h is not a root of the transcendental equation 
(6.3) with A = a, » = B—e, the branch belonging to the exponent « 
at z = © will be represented by a series of type (I), namely > ¢,, P5,, 
convergent in the domain (6.2). Since a suitable linear transforma- 
tion brings any singularity to infinity, our result is that every 
solution of the Heun equation can be represented by a series of 
type (I). In fact, the series introduced in my former paper are easily 
seen to be of type (I). 

In the exceptional case, i.e. if h satisfies (6.3) with A = a, uw = B—e, 
the above-mentioned branch becomes a Heun function, regular at 
z =a and belonging to the exponent « at infinity: this Heun func- 

tion is represented by a series of type (I) convergent in the plane 
cut along the line joining the two singularities z = 0, z = 1 of the 
Heun function. As in the general case, a suitable linear transforma- 
tion shows that every Heun function may be represented by a series 
of type (I) convergent in the whole plane cut along a straight line 
or a circular are joining the two singularities of the Heun function. 
The general solution of the Heun equation in this case may be 
represented by a series of type (I) convergent in the domain (6.4). 


ada - y+6—1, p= 0, (8.1) 


A 

A= ¥, p = 6-1; (8.2) 

A = 6, p= y-—l, (8.3) 
or A= §, p = y+6—2, (8.4) 


then three branches of P. 


m? 


of which one is always P%,, coincide and 
for these three branches .M_, P_, vanishes. The other three branches, 
of which one is always P%,, also coincide with one another, but for 
these latter three branches /_,P_, does not vanish. The series 
arising from these values of A, » will be called series of type (II). 
It follows that series of type (II) are necessarily of the form > ¢,, P$,. 
Hence there can be no series of type (II) in the general case, for 
PS is not a multiple of P>,. 

Let us consider the exceptional case in which h satisfies (6.3) with 
is a polynomial of 
degree m in z and the series } c,, P§, is convergent in the domain 


(6.4) there representing the Heun function which is regular at z = 0 
and at z=1. Similarly, in the other three cases (8.2), (8.3), and 


the values (8.1) of A and p, say. In this case P§ 


m 


(8.4) there is only one series of type (II) in each case, representing 
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a Heun function belonging respectively to the pairs of exponents 
0, 1—8; 1—y, 0; and 1—y, 1—é at z = 0 and z = 1. It follows by 
a linear transformation that every Heun function, but no other 
solution of the Heun equation, can be represented by a series of 
type (II). In each of the four cases (8.1)—(8.4), PS, is either a Jacobi 
polynomial or can be expressed in terms of Jacobi polynomials. In 
fact, the series introduced by Svartholm are of type (IT). 


9. Comparing now the two types of series, we see that the first 
type is more general in its application. Even in the case of Heun 
functions, when both types may be used, the first type is superior 
to the second in that its domain of convergence is more extensive than 
that of the series of the second type, and in that, unlike type (I1), it 
is capable of representing the general solution of the Heun equation. 

The chief advantage of type (II) is that series of this type are 
orthogonal series and this property is useful in some applications, 
e.g. when Heun functions must be normalized. 

Let us consider the Heun function regular at z = 0 and z = 
Its expansion of type (II) is of the form 

y = > A,, F(—m, y+8+m—1; y;2). (9.1) 

The Riemannian scheme of the Heun equation may alternatively 

be represented as 
0 l 
(a—z)!-«P{ 0 0 = : (9.2) 
l—y 1—8 e«—1l fB—e+1 

and hence our Heun function has the alternative expansion 

y, = (a—z)!-* > B,, F(—m, y+6+m—1; y;2). (9.3) 
Now, it is known that 
; 

1(1—z)°-1F(—m, y+8+m—1; y;z)F(—m’, y+6+m’'—1; y;z) dz 


0 ifm+~m’, and 
(—)"m! T(d+m){T(y)}? 
(y+6+ 2m—1)P(y+6+m—1)(y+m) 


if m = m’. 
Hence for the integral which is to be normalized we obtain 


2) 1(q- z)e-ly? dz 


x 


™ (—){P(y) PLC 


I B,, 
8 (y+6+2m—1)(y 


t-m—1)I(y+m)’ 


-m)m! A,, 


(9.4) 


5 
+5 


m 
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The recurrence relations determine A,, A,,... in terms of A, and 
B,, Bs,,... in terms of By. The relation > A,, = > B,,a'-€ in con- 
junction with (9.4) determines the actual numerical values for the 
normalized Heun function. The transcendental equations for 4 con- 
nected with the expansions (9.1) and (9.3) are the same so that the 
ratios of the A,, and the ratios of the B,, are found from the same 
continued fraction. 


10. Finally, it is worth while pointing out that there is a relation 
between a series of type (I) and one of type (II) representing the 
same Heun function: the coefficients in the one are multiples of 
the coefficients of the other. Let us again briefly consider the Heun 
function regular at z = 0 and z = 1. It will be sufficient to consider 
the case where Ry > 0, Rd > 0; in the more general case the real 
integrals must be replaced by contour integrals, but the essence of 
the procedure is the same. 

If Ry > 0, RS > 0, the Heun function F(z), regular at z = 0 and 
z = |, satisfies the integral equation* 


. 


F(z) =A _™ ot cv-(1—fpP41F o~e+-2,0~o+ Sse F(¢) dé. 
a) | a 
(10.1) 


Using the expansion (9.1) on the right-hand side of this integral 
equation, we have 


1 
F(z) = ai)" > Ay, | gy-(1—£)P1 x 
0 


x P(x—e+1, B+ 1; y; =) F(—m. y+d+m—l1;y;f) df, (10.2) 


and, if the integration is performed, the expansion 
F(z) 
e-1 ul _ 
a (1-2) + (—)m Le -e+m-+1)P(B ctm+I Cte) 4 


ts T(y+m)P(y+8+2m) 


x (2) Poem), Boe bm Lit 8+2m55) (10.3) 


emerges, which is in fact an expansion of type (I) connected with the 
Riemannian scheme (9.2), which is, as we have seen, equivalent to 
(2.1). The coefficients of (10.3) are multiples of the coefficients of (9.1). 


* A. Erdélyi, Quart. J. of Math. (Oxford), 13 (1942), 107-12. 





FIRST AND SECOND VARIATIONS OF THE 
LENGTH INTEGRAL IN A GENERALIZED 
METRIC SPACE 


By J. G. FREEMAN (London) 
[Received 13 September 1943] 


1. Preliminary 
THE metric space considered is n-dimensional, with coordinates 
x (h, i,j, k run from 1 to n throughout), and will be denoted by S,; 
to each point of the space is associated a contravariant vector- 
density of weight p having components wu‘, called the element of 
support. In the special case p = 0 the S, becomes a Finsler space. 
L(x, u) is a scalar which is positive and homogeneous of first degree 
in the wu, called the fundamental function of the geometry. The 
equations aj; (AL?).¢; (1.1) 
(where ;i indicates differentiation with respect to u‘) define a tensor 
density of weight —2p, whilst the determinant 


aj; a (1.2) 


is a density of weight —2(np—1); then the g,, defined by 
Jig = 4 a-PArP-Y) (1.3) 
are the components of a tensor, and we take them for metric 
coefficients. + 
The vector J is the vector of unit length in the direction of the 
element of support. Its components are given byt 
u' 


li : 1.4 
Lng? - 


If f(z, uw) is a function homogeneous in the uw, we define f ||; by 
fii = WO) Si (1.5) 


which is also homogeneous in the uw and of the same degree as f 


itself. Defining the tensor 
1 
A ij, = 39ij\\x 
and the vector A; = }(logg)|\; 


+ Following Schouten and Haantijes, (4), 163. 
{ For proof see (2). 
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and indicating contraction with respect to / by a 0, we see thatt 


A, = 0, (1.9) 
Agi; = pl; Aj. (1.10) 


The absolute differential of a tensor is defined by an expression 


_> 
similar to that used in Finsler geometry: e.g., for a vector X, 


DXi = dXt+Xiw,J, (1.11) 
DX, = dX;,—X;w/, 
wheret wJ = dx T,+du* Ci, (1.12) 
and Cijn = BG ij-n- (1.13) 


Writing w* for Di*, as an alternative to (1.12), we have§ 


* 
w,! = dax* Di,.+ wkA J... (1.14) 
—> 
A vector X is said to be transported by parallelism when it is dis- 
placed so that DX* = 0. 


2. Torsion and curvature of the space 
Consider a 2-space in the S, defined by equations of form 
xt = x(t, v), 
at each point of which the element of support is defined by equations 


of form ui = u(t, v). 
2 Vor Sv 


PQRS is an infinitesimal figure bounded 
by the curves ¢ = fy, t = t9+8t, v = u%, 
Vv = Uptdv. 
. . . . —<— 
When the infinitesimal vectors PS, 


—=}>> 
PQ are transported by parallelism from 


P to Q, and from P to S respectively, 


v7 Vo 


=> _> : P 
vectors QR,, SR, are obtained, and, in 
general, the points R, and R, will not 





— 
coincide. The vector R, R, we call the 
torsion of the space at P corresponding to the mesh PQRS, and it 


+ For proof see (2). e t For the values of the Tj, see (4). 
§ For the values of the Tj, see (4). They are symmetrical in the lower 
indices. 
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will have components Q‘8f5v to the second order in 8¢, 5v wheret 


Of = “a “1, 
dt dv 
where d/dt, D/dt, d/dv, D/dv are partial operators (ordinary and 
absolute), and the brackets [ | indicate that from the expression 
contained therein we subtract the corresponding expression obtained 
by interchange of ¢, v. 
From (2.1) it follows that 


. D dx ; état 
if = | —— since = Q. 2.2 
E F | a sea a 


Further, if a vector X is transported by parallelism round the figure 
PQRSP, the difference between the initial and final values of the 
components is given by Q,'X/8t5v to the second order in dé, 5v where 


Qf = wa! dw; : 
4 dt dv dtdv 
We call Q,' 5¢5v the curvature of the space at P corresponding to the 
mesh PQRS. 

[f 7’ is a vector defined at each point of the 2-space by equations 
of form 


Ti = Ti(t, v), 


then _ 
dv dt dv 


D DT" _4 es 7 “we ca en 17 “i wo," 


dt ' dt dt dt} dv~ 


From this and (2.3) we obtain 


“D D),.. ae ss aT! 
Wi - Oi s rye’ acai - a 
Ee 4 5; = , _— sal , 


In (2.1), writing 


we obtain = 


dix! ao 43 
dt dv| 7* 


+ The proof of this is identical with that for a Finsler space: see (1), § 
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3. Formulae for the first and second variations of the length 
integral 


C is a curve joining two points P,, P, in S,. We consider any 
2-space through C defined by equations of form 
xt = z(t, v), 
at each point of which the element of support is defined by equations 


of form ut = uf(t,v) 


and the coordinates ¢, v in the 2-space are chosen so that C is the 
curve V = Up, the parameter ¢ along C having values ¢,, t, at P,, P,. 

C’ is a neighbouring curve given by v = v)+4v and P}, P, are the 
points on C’ for which ¢t = ¢,, t,. The length of C between P,, P, is 


thus given by 
t 
—_ a dx* dx 
oat Fdt, where F? = g;,,(x,u)— * * 


t 
The length of C’ between P;, P, is similarly given by 


t, 
I’ = | (F+8°9 0 + Hot os -) dt, 


t 


so that J’—J = 8/+8J-+..., where 


si = Bn | od dt, the first variation, 
at 


Sy = ye | be dt, the second variation, etc. 
di 


4, 
For abbreviation I shall put 


dx* , dxt ; 
7 — j! —_— = . 
dt . dy 
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and é/ for the unit vector in the former direction. Lengths of vectors 
pt’, Diré/dv, etc., I denote by p, A,, etc. I call pv“ the displacement 
vector. 
To evaluate 5/7 we have 
aqF. 1dF* 1 DF? 1 
dv 2F dv 2F dv 
whilst A‘ = FE‘, so that 
adF D*xX.,, 
= IO it 
dv dv 
In the present notation (2.2) and (2.5) may be written 
Dx Dut 
dv dt 


k k 
OF x 1 gf — ns 
or ( dv” dt }4, sl 
From (3.1) and (3.2) we get 
dF [Di 
dv \ dt 


: OF, 


v 


+0é, 


and, putting ¢ = arc length s along C, this gives 





... | 
| bl = dv | (F +0')é, ds. | 
; ds 


| 


Dp, , ,Dé; 
P E+p 


—— eee ; 
ae ate) = Gyieitd = Gp kite ae 


From (3.5) we now obtain 


| 82 
| ; i = 
| 81 = de[pie,]*—dv | (ue) ds. 


8 











> 


To evaluate 5°J we have from (3.1), (3.4) 
CF DdF _ Di(De' . 4: 2 
dv? dv dv do\\ dt +0'}é, 


~ (wat) a - 


DX Dd, es ‘ ) 


dv 
F 





dvdt ' dv 
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The last two terms together give 


@. 
7 sin?(A,,, €) 


dv 
between vectors DA‘/dv, €'. Hence 


(une ss the ga = 0, when they vanish, (A,, €) denoting the angle 





82] = 4Sv? (eas + “7, )értAtsin*O, é)| ae. (3.7) 





8; 





Now 


d ON D Dp! é, Me Dp’ Dé; 
dt\ dv ~ dt\ dv a iT dv dt 
D*y! gi Dpt Dé; 
S| >i 
(et z) Ve To ad’ 
since ye Oe jQ* from (2.4). From (3.7) w y obtai 
dedi Gide Os om (2.4). Fr -7) we now obtain 





7" Du! Dé, DQ 
—_£.| —1§y2 Posts 3 
a0 $b ( (' dv ds 7 fi) det 


+ 48v? [ {A2sin%(A,, £)—E'wiQ,,} ds. 


$1 








4. Conditions for an extremal 

The curve C of §3 will be said to be an extremal between P,, P, 
if 5J = 0, and p! = 0 at P,, P,. The displacement of the curve and 
the element of support between the end-points may be arbitrary or 
subject to certain restrictions. 

From (3.3) and (3. ®). when p' = Oat BP, P,, 

r k 
81 = —8e le (+e S, Aux) — 7,80 Aun] ds. (4.1) 


The conditions that 5J = 0 for values of pu‘, w*/dv arbitrary save 


owt 
for satisfying - an are 


= “eed = Ay ELIA, = 0 since Ajo = 0. 
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Hence 





C is extremal for arbitrary displacement of curve and 


element of support if and only if 
. - Be wo .. (4.2) 
i -+ €/__ A’... = 0 : 
0) ” “Riise” “Paaatl along C. | 
(ii) §*KAj,; = 0 | 





That these equations do define a curve through a given point O of 


- . . . . . . “* . ce a 
S, in a direction satisfying (4.2) (ii), along which the vector / is 
determined, may be seen as follows: 


BS 
The [;', and the A,‘, are homogeneous of zero order in the uw‘ and 
will therefore be unaltered if we replace the u*’ by the 7’. Then 
(4.2) (i) are n equations linear in d*x‘/ds? and dl'‘/ds, whilst the re- 
maining terms involve the 2‘, da'‘/ds, and Il’. In (4.2) (ii) there are 
only n—1 independent equations, since l'A;,; = 0; differentiation 
with respect to s of any n—1 of these equations gives n—1 further 
equations of a similar type. We now have 2n—1 equations in the 
2n—1 unknowns d?z'/ds?, dl'/ds (the latter comprising only n—1 
independent unknowns since they are related through wl; = 0). 
Thus the d?x‘/ds? and dl‘/ds may be expressed in terms of the 2%, 
dx'/ds, and l'; further differentiation enables d*x‘/ds*, d*z*/ds*,... and 
d?l'/ds?, d*l'/ds*,... to be similarly expressed. The coordinates of the 
point on the extremal through O in a given direction €, = (dx‘/ds), 
satisfying &) €§(A j,.;)9 = 0, are distance s from 0, and the components 


at this point of the unit vector / , are then determined by 


ri = (x) +8 da Pe. aa) 
‘ > (2 Jos i. v5 zt), oer 


: ; dl s? (d?l' 
li — Ti == . 2 = 
)o7 ds}, 2\ds?), 
In general, (4.2) (ii) is not satisfied when the element of support 
is tangential to C, but, if, as a special case, we suppose the element 
of support to be restricted in this way, then (4.2) (ii) becomes 


VikKA,,. = 0. 


jki 





ON GENERALIZED METRIC SPACE 77 
Since Ao; = pA;, we must now have A; = 0 if p 4 0. Then (4.2) (i) 


becomes 


e+ pte Ay = 0 


‘ 
since A‘, = pl'A,, and finally 7 = 0 since A, = 0. Hence 
s 





| If the element of support is tangential to C along C, 
| C is extremal for arbitrary displacement of curve and 
| element of support if and only if 

(i) C ts autoparallel, 


(ii) A; vanishes along C. 








If we next suppose that the element of support is tangential, not only 
to C but to all the curves v = constant, the displacement of the element 
of support is restricted, and we now have the following analysis. 

From (3.2) and (3.3) 

DN Dpt jm) ae 
ees A,*; 
dv di ¥ = (VE ae i) Ai 
hence, if pe = €' = /' for variation of v, 
u 
wo 1 Dx ri d 1 
dv F dv dv F 
4 ut De, oe. 
and oe ae plan Ad 
dv dt dv 
since A;', = 0; on rearrangement this gives 
DX ‘ Dpi , ok Ai 


Mh —~ gh) os ee we 
dv (5, —Pl'A,) aa at As 


and, making use of 
(3, —pl'A,)(34-+-pl',) = 8k, 
we may solve for DA" /dv, obtaining 
DX Dy 
dv dt 
whence, from (3.2), 
= = pe VtA,— we A,;',(8!+-pl"A;) 


k 
— (5*-+-pl"A;)—p! Ast + ply), 


and OM, = p2H 4, —pt™#(Agt+-pA JA). 
h dt —- dt i0 i j 
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: , ae Dpt ok 
Using this and “ (wid j= rE. itpt- 
dt dt 


A; 
dt ’ 


we now get from (3.6), that 


mae | k DA) 
a <= if k1 on]. Akt pA JkA. Ae —— 4.4 
t ; K (5: I pl; A I pa; A ;) ds TP ds j‘ 8 ( ) 


when yp’ = 0 at PB, PF. 
mm ~ . ° ose Ws DA i ’ 
Thus 6/ 0 for arbitrary yp’ if ; 0 and - j — 0. Hencey 
as as 


If the element of support is tangential to the curves 


v = constant, C is extremal for variations consistent | 
with this restriction if | , 

(i) C is autoparallel, (4.5) 
(ii) A, is transported by parallelism along C. 


These conditions are sufficient, but not necessary. 


We next consider the corresponding results for the particular case 
of a Finsler space. Both conditions of (4.2) are now satisfied if 
DéE* 
ds 


for C to be extremal in a Finsler space for arbitrary displacement 


é' = +l' and 0. We shall next inquire whether it is possible 


of the element of support, when the latter is not tangential to C 
along C—a possibility which certainly exists in a contravariant 
vector-density space, as can be seen from (4.2). 

The equations 


Anitith =0, gin eith (4.6) 


in the € are satisfied by &' +l‘, and we shall inquire whether any 
other solution is possible. The A;,, are related by the equations 
liA 


ge = 0 


and an A;,, is unaltered by an interchange of suffixes. We transform 
to another set of coordinates 2’, so chosen that, at a given point, 
the components of the unit vector / are given by 

l1 + 0, Sn EF 45h, 


+ This result has already been obtained by Davies by a different method. 
See (2), § 10. 
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Equations (4.6) and (4.7) then transform into 
Aig S1E* = 0, oi F1E* = 1, (4.8) 
VtAi i, = 0. (4.9) 
If the €”,...,€’” all vanish, (4.8) gives g;,(€’1)? =1, and since g;, (11)? =1, 
we have é’! = +1’1, whence é* = +1‘ and &' = +/*; if, then, equa- 
tions (4.6) have a solution other than é/ = +‘, the €”,...,é’" do not 
all vanish. Then (4.9) reduces to Aj; = 0, i.e. every Aj;, involving 
suffix 1 vanishes, and (4.8) now gives 
Aj f'1e"* = 0 (8,79, & = 2, 3...., n). 
This is a set of n—1 quadratic equations in the n—2 ratios 
£2: €3:...: &™ from which the €”,...,é’" can be eliminated if they do 
not all vanish; we then obtain a relation between the Aj, not 
involving the suffix 1. 

Thus, in order that equations (4.6) may have a solution other than 
é' = +I", it is necessary that the A;,;, be restricted. It may be noted 
that, in the case n = 2, the relation between the Aj, reduces to 
Ajoo = 0; since Aj,,, Ajy, Ajee all vanish because they involve 
suffix 1, the space is now Riemannian. 

If the element of support is tangential to C, the first condition of 


Dé 


(4.2) reduces to a 0, whence 
ds 





In a Finsler space, C is extremal for arbitrary dis- 
placement of curve and element of support if 
(i) C ts autoparallel, 

(ii) the element of support is tangential to C along C. 
These conditions are sufficient; they are also necessary 
unless the equations A ;,; €/&* = 0 have a solution other 
than &' = +l’, and then the A;,; are subject to certain 
restrictions. 











If, as a special case, we suppose the element of support in the 
Finsler space tangential to C along C, (4.1) reduces to 
: (Dé, 
6] = —B0 | wii ds 
ds 


8; 


: .- Dé; , 
and 8J = 0 for arbitrary values of ‘ if and only if xs = 0. This 
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is true if the displacement of the element of support is arbitrary or 


subject to certain restrictions. Hence 








| In a Finsler space, if the element of support is tan- 
gential to C along C, C is extremal for displacement 
of the element of support either (x) arbitrary, or (B) re- | (4.11) 
stricted by the latter being tangential to the curves | 
constant, if and only if C is autoparallel. 





Thus, comparing the above results, if C is a curve along which the 
element of support is tangential, the conditions that it be an extremal 
(x) for arbitrary displacement of element of support, 
(8) for displacement of the element of support restricted by the 
latter being tangential to the curves v = constant, 
are the same for a Finsler space, from (4.11), but different for a 
contravariant vector-density space, from (4.3) and (4.5). 
5. Theorems on the first and second variations of the length 
integral 
In order to facilitate comparison, corresponding theorems for 
Riemannian} and contravariant vector-density spaces will be written 
side by side; we shall find that, in certain cases, the Riemannian 
theorems are true also for a Finsler space. 
Since a Riemannian space is characterized by Aj, = 0, in this 
case Q' = 0 and (3.5) and (3.6) reduce to 
vo Be | tile 


0 
as 


$1 
82 


, Dé; 
ds 


bl = del p'é; 6 bv | be ls. 


31 
For the first variation we then have the following comparison. 
THEOREM I . 
Riemannian space Contravariant vector-density space 
The first variation vanishes if | The first variation vanishes if 
Dui 


ds 


é, 


t 


Iu! : 
0 along C [ from (5.1)]. + +0) = 0 along C 
ds 


| [ from (3.5)]. 


Next suppose C is an extremal. The type of variation of the 


+ The results for a Riemannian space have already been given by Synge: see (5) 
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element of support must be specified, e.g. the variation may be 
arbitrary as in (4.2), or restricted by a certain condition as in (4.5). 
In either case the integral in (3.6), which is the same as that in 
(4.1), vanishes for arbitrary px‘, and so we have 
THEOREM IT 

The first variation vanishes if C | If C is extremal, the first variation 
is extremal and the displacement | vanishes for the same type of varia- 
vector is normal to C at the end | tion of the element of support as 
points | from (5.2)|. that for which C is extremal, if the 

displacement vector is normal to C 


| at the end points | from (3.6)]. 


THEOREM IIT 
The first variation vanishes if the | The first variation vanishes if the 
displacement vector is normal to | angle between the displacement 
the principal normal of C along C, | vector and the principal normal of 
and is normal to C or vanishes at C 


is determined by pt—-* = OE; 
the end points | from (5.2)]. a z 


along C, and the displacement 
vector is normal to C or vanishes 
at the end points | from (3.6)]. 


In the Riemannian case, (3.7) and (3.8) reduce to 


5°] = 45v? P (Den €; +p? sin*(u,, a ds, (5.3) 


\d vds 


8: 


pee] — 


+450? [ {uzsin®(u,, €)—E'weMw* Rips} ds. (5.4) 


$1 


For the second variation we then have the theorems 


Dui DE: | 
2 fe dv ds ‘ is 


THEOREM IV 
The second variation is positive, | The second variation is positive, 
zero, negative according as | zero, negative according as 


Dt" é,+-p2sin%( Up £) | (a+ fe : 7. )eete sin*(A,, €) 


duds ** dvds 
is positive, zero, negative along C | is positive, zero, negative along C 


[ from (5.3)]. | [from (3.7)]. 
G 


3695.15 
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THEOREM V 
C being extremal, the second varia- | C being extremal for conditions as 
tior is positive for variation with | in (4.3), the second variation is 
fixed ends if positive for variation with fixed 
Eipitky™ Rin <0 ends if | 
DQ! 


along C | from (5.4)]. EpIQ,,; <0 and * é,>0 
; dv 


along C | from (3.8)|. 
We lastly consider certain special cases for a Finsler space. 
The above theorems given for a Riemannian space hold also for 
Finsler space under the following conditions: 
(x) L, LI, LIL, if the element of support is tangential to C 
along C; 
(8) L, LI, III, V, if the element of support is tangential to 
curves v = constant;+ 


(y) all the theorems, if the element of support is tangential to 


Dpi . 
curves Vv constant and Q, = 0 along C; 
as 


(5) all the theorems, if the curves t = constant are extremals 
with tangential element of support. 
The proof is as follows: 
In (x), Q*€; = 0 since A,',.1; = 0 in a Finsler space; (3.5) and (3.6) 
then reduce to (5.1) and (5.2). 
In (8), which includes («), Q‘A; = 0 for variation of v, whence 
DQ! Dx 


A; +Q; 0; (3.7) and (3.8) now become 


dv ‘ ‘dv 


F {D?! 


1 PY ie | 
. 
81 


Dt ” 
182] Fé.) — 


E;+ m5 sin?(,, €) 


\dvds 


av 
$1 


gf (Dut Des, ni, Se 2 
— }dv" | as im E'wWQ,, tps SIN=(U,, €) 4 


aw ad - 


+ This case has been fully treated by Householder: see (3). 
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If C is extremal as in the Riemannian theorem V, then along C 


k 
— = 0, 1A; = 0, whence 
as 
k k 
Qi = (vw TA = 0, 


oa . j 
and (5.7) reduces to (5.4) with = = 0, and so the Riemannian 
8 


theorem V now holds. 


In (y), which includes (8), since 0, = 0 along C, (5.6) reduces 
( 


to (5.3), whence the Riemannian theorem IV now holds. It may be 


Dut ‘ . , 
noted that a = 0 along C if the displacement vector is trans- 
ds 


ported by parallelism along C, or if the vector Du‘/ds is tangential 
to C (and therefore in the direction of the element of support). 

In (85), by an argument similar to that used in (8), Q* = 0 along 
every curve ¢ = constant, and therefore everywhere in the 2-space. 
Equations (3.5), (3.6), (3.7), (3.8) now reduce to the corresponding 
Riemannian formulae (5.1), (5.2), (5.3), (5.4). Further, (5.2) now 
gives = = 0 as the condition that C be extremal for variation of 
the element of support restricted by the latter’s being tangential 
to the curves ¢ = constant, and all the Riemannian theorems now 
hold. 

In conclusion, I wish to thank Dr. E. T. Davies, to whom I am 
greatly indebted for his most helpful suggestions. 
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THE FLAT REGIONS OF INTEGRAL FUNCTIONS 

OF FINITE ORDER 

By B. J. MAITLAND (Exeter) 

[Received 17 January 1944] 
1. Tue term ‘flat region’ in connexion with regular and, in particular, 
integral functions, is frequently used to denote a region in which 
the minimum modulus is in some sense of the same order as the 
maximum modulus. The following theorem was proved by J. M. 
Whittaker. 

THEOREM A.} There is an absolute constant H, not less than 16/729, 
with the following property. If f(a) is an integral function of order 
p < 2, satisfying the condition n(r) = o(r), and if h (< H), n (< p), 
and d are given positive numbers, then the values of € for which the 
inequality 

log| f(z)| > hlog M(\C)) |", z—Cl| <d, 
is satisfied form a set of wpper density greater than or equal to 
(H—h)/(1—h). 

A theorem for integral functions of any finite order was also 
obtained by J. M. Whittaker. 

THEOREM B.{ Let f(z) be an integral function of order p, and let o 
be a given number less than (1—}p). Then there is a positive constant 
h and a sequence €,, Co, fs,..., such that \C,| > 0 and 

log| f(z)| > hlog M({Z,!), 
in the circle |z—€,| < A. 

The above results have been extended to meromorphic functions 
(and also slightly improved for integral functions) by A. J. MacIntyre, 
who proves the following theorem. 

THEOREM C.§ Hypothesis: f(z) is a meromorphic function of finite 
positive order p; p’ (> p) 1s any number such that 

rP’ 
T(r) = T(r,f) = 0(—), 
(ze ) 


and the poles are of deficiency 5 > 0, so that 


i(r, 00) < 1—6. 


fim 2 


T(r) 
+ J. M. Whittaker (6). +t J.M. Whittaker (5). § A.J. MacIntyre (1). 
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Assertion: we can find a sequence of circles C,, with centres £, and radit 
r,, satisfying the conditions 


lim |&,| = 00, lim 1, |é,|#?'-? = 00, 
v- @ 


v> @ 
and a corresponding sequence of positive numbers «, satisfying lim e, = 0, 
such that for all z in C,, f(z) satisfies the — 


log | f(z) om 
ne _— 


iil ; 
eth < lel. 


Since for an integral function 6 = 1 and 
k—1 lé,| 
T(\é,|.f) > log M{—=*-}, 
( é,| f) S k+1 4 ( k 
for any k > 1, Theorem C gives for integral functions 


log fl@)| > (Ie) 5 slog (4 }, 


l—e, <3 


and 


for z in C,,. 

In a later paper A. J. MacIntyre and R. Wilson consider in detail 
the value of | f’(z)/f(z)|, and |D@log f(z)|, where f(z) is a meromorphic 
function. The majority of their results are not primarily concerned 
with regions in which | f(z)! is large, but the following theorem is an 
exception to this statement. 

TuroreM D.+ If f(z) is a meromorphic function of finite order, 
whose poles are of permanent defect, then there exist arbitrarily large 
values z, such that 


AT'r), 
llog f(z) —log flz,)| < — z—z,| 


> 
< ACY{T(r)}, 
and log| f(z,)| > BT (r), 
where \z,| = r and z is any point on the circle |\z—z,| < Cr/vT(r), and 
A, B, C are positive constants depending only on the order of f(z) 
and the defect of the poles. 
For an integral function of order p, 
iim log T(r) = 
r+o logr 


+ A. J. MacIntyre and R. Wilson (2). 
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so that the above theorem gives that, if f(z) is an integral function 
of order p, and e > 0, there exist arbitrarily large z, such that 

log f(z)—log f(z,)| < ACri*®, 
and, for any k > 1, 


k—1 r 
¥I f(z.)| > B “ gu"), 
log | f(2,)| - kal © 4 


provided that z lies on the circle |z—z,| = r,, where 


r,rp-l=- C (k+1)ri . \ 
1 \(k 1),/{log M(r k)y 


In the case of integral functions the defect of the poles is 1, and the 
constants A, B, C depend only on the order of the function. They 
have no relation to the type of the function. 

The purpose of this paper is to prove the following results. 


THEOREM I. Suppose that the integral function f(z) is of order two 
and mean type x. Suppose also that d is less than },/(7/2k). 

Then there exists a sequence of points C,, Cs,..., such that |C,| > 00, 
and that, given any « > 0, 


2 


log| f(z)| > («—e)|z|*, 


provided that |z—l,| < d, and s > s(e). 
By a similar method of proof a result is obtained on the flat 
regions of functions regular in an angle, and this is embodied in 


Theorem IT. 


THEOREM II. Suppose that f(z) is regular and of order p > 0 in the 
angle jargz| < « < 7/2p, and that 
—— log M$ f(z), 17, «} 
lim —* (2), 7, 94 


rx 


where M{ f(z), r, «} = max|f(re®)| (0) < a). 


rP 


log | f(re*) 


x, and that d < }. 
rP i 


Suppose also that lim 


r> x 


Then there exists a sequence of points C,, Co, Cs,... within the angle 


9 
2d |/[7\,, m7 : 
and distant.at least — «(t-'? from its arms such that 


and that, if « > 0, 
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)izar-™, 


provided that jz—f| << **) /(z 
p 2« 


for some s > s'(e). 





The result for functions regular in an angle leads directly to the 
following theorem for integral functions of any finite order. 


THEOREM III. Suppose that f(z) is an integral function of order 
p > 0 and type x > 0. Suppose also that h(8,) = «, where 


i0)| 
h(6) = lim ee 


r>o 
Then, if « > 0,5 > 0, d < }, there is within the angle 
largz—O,| < 6 
a sequence of circles 


ljz—¢,| <- = (; =) eal, where \C,| > 0, 
Pp 


2K 
such that log|f(z)| > («—e)|z|?, provided that z is within a circle for 
which s > s"(e). 

The above theorem clearly includes Theorem I as a special case. 
As the proof of Theorem IIT involves the use of the Phragmén- 
Lindeléf theorem for functions regular in an angle, it seems worth 
while to indicate how, for functions of order two, the result may be 
obtained directly. 


2. Notation. The square in the song with vertices 


{(m—344)+i(n—34})}, 


is called the square S,,,,, and z,,, 18 a aston lying within or on the 


boundary of S,,,,.. The integral function F(z) is defined by the 


equation 


i) io 6) 2 
. 2 , 2 2 z 
F(z) = ez | | | | 1— exp —+—7-E 
an =mn =mn <2m,n 





m=—o n=— 
. , 1 
where 2a = lim > 3 
R>« 


lm + ini<R oman 

and the dash denotes the omission of (0,0) from the sum or product. 

Throughout this paper the double sequence {z,,,,} will be subject to 

the further condition that any two members are distant at least 
1 > 0 apart. 
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3. I have proved elsewherej that F(z) is of order two and type 
47, and that it also has the properties given in the following lemmas, 


Lemma 1. Suppose that « is any small positive number. Then 
log |F’ Cm, nfl 


r lz, imi <* 
mn |" ! 
provided that |z,, | > R(e), where R(«) does not depend on the particular 
8et {2m n}- 

Lemma 2. Suppose that f(z) is an integral function of order two and 
type less than 47. Then 


“m,n 


mm m, a 
)P'(z 


=m, n “~m, n) 


Lemma 3. Suppose that the double sequence of numbers {Z,,,} is 


such that 
im log| Z 


ln ' 
Sm,ni-> & | zm, ni 


man =x’ < dn. 


Suppose also that the integral function H(z) is defined by the equation 
7 f | oe | 
\(2—Znn) EF" (mn) 
1 


Then H(z) is of order two and type less than or equal to 4n. 


mn 


This last lemma has only been proved for {Z bounded, but the 


m,n } 


alterations in the proof are trivial. 
Lemma 4. Suppose that f(z) is an integral function of order 2 and 
type x less than 4x. Then 


log | f(z “mM, a 


lZm, n | 


lim 


] :' 
Proof. Let «, = lim 08 | FE mn) , 80 that xc, < x < 4x. Then, if 7 


em,r 
is a positive number less Hay Ninna there is A < 1 such that 


Ky +4mA2+ 9 = da 
The function F(Az) is of order two and type }A2z. Suppose that 
F(Az) = ag+a, 2+, 27+ a, 2+ ..., (3.1) 


oO 


so that > lay! lemnl? < exp{(FA27+€) l2mn!} (3.2) 


p=0 
+ B. J. Maitland (3). 
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for some e (0 < « < $y) and large |z,,,,|. The triple series 
| FE man) Zinn (3.3) 
m,np F (2m,n)(2@—Zm,n) 
is seen to converge absolutely except for z equal to z,,,, if we use 


the result given in Lemma 1. From Lemma 2 it follows, on replacing 
f(z) by {f(z)z"}, that 


f(z)z" be F SEm.n \een 
Fe) = (Pei saak te 





mn 


Summing (3.3) in two different ways, and using (3.1), (3.4), we have 


f(2) Fz) an 2 {mel ee) 
F(z) se F" (2mn)(2@—Zm,n) ; 
that i z) = oF og 5 
te! ee Pere mn 
The left-hand side of (3.5) is an integral function of order two and 
type («+ $A); since, if h > 0, 
| | 
P| ad, (3.6) 


| lz? ¥ 

provided that} |z| > R’(e’), and |z—z,,,,| >h. The magnitude of 
| “(z)| must be greater somewhere on the boundary of |z—z,,,,| =’ 
than at any point within this circle, so that the set of excepted 
circles for which (3.6) does not hold cannot lower the order of 
f(z) F (Az) below the stated value. On the other hand, the result given 
in Lemma 3 shows that the order of the right-hand side of (3.5) is 


less than or equal to $7. Hence 
K+ A227 < fa, 
that is k+(4a—x,—7) < fr, 


1.e. K << K,+7. 
Since » is any positive number, x <«,. But this means that 
k = «,, which is the required result. 


4. Sufficient material has now been collected to prove Theorem I 
in the special case x = $7. 


Lemma 5. Suppose that f(z) is an integral function of order two and 
type « less than or equal to 47. Suppose also that d is any positive 


+ B. J. Maitland (3). 


48008" 
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number less than 4. Then there exists a sequence of points C¥, CF, CF... 
such that |€*| — oo, and that 


log| f(z)| > («—e)|z|?, (4.1) 
provided that |\z—C*| < d, for some C¥ where |f¥| > Roe). 


Proof. Let S*,, be a square of side 2d, concentric with S,,,,, and 
having its edges parallel to those of S,,,,. Let z,,,, be the point within 
or on the boundary of S%,,, for which #2)| 3 is least. 


From Lemma 4, if « < 47, 


coon C 
lim “ee mn) = K. 


|Zm,n|—> 00 em, n | 


It is thus possible to select a sequence of squares, {S,,,,,} (¢ =1, 2, 
3,...), Where |m,-+-in,| increases and tends to infinity with s, such that 


lim log fz ee ne) | — 
>a Zs, Ng 


Then, if e > 0, ands >8s a 


19 


log | f(z “Ms, at = (x—e)| ems, ns! 
But, if z lies in S%,,,, |f(2)| > |F(Zm,n,)|, 80 that 
log| f(z)| > («—2e)|z|? 
provided that s > s,(e). 

If ¢¥ is the mid-point of S,,,,,, then the circle |z—f¥| < d lies 
within S*, ,,,, and the lemma has bait proved for « < $n. 

If « = 3m, let A be such that 2d < A <1, and let f*(z) = f(Az). 
Then f*(z) is of order two and type }A*z < 43a. If « > 0, it follows 
from the above that there exists a sequence {,, f,, ¢3,... such that 

log| f *(z)| > (4aX2—ed*) 22, 
provided that |z—f,| < d/A < 4, and s > s,(eA*). That is 


log| f(z) ; $7—€)| xy 
provided that |z—{*| < d, he ~ = (A, and |¢*| is sufficiently 
large. This completes the proof of the lemma. 


Proof of Theorem I. Let f,(z) = f{V(7/2«)z}, where x is the type 
of f(z). Then f,(z) is an integral tanstinin of order two and type $7. 
From Lemma 5 there exists a sequence {f*} (s = 1, 2,...) such that 


\C*| + co and 


logl Ate)! > (17-5 7¢)leP 
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provided that |z—l*| < ,/(2«/m)d < 4, and |f,| > R,(ze/2x), where 
d is any number < },/(z/2k). 
Let ¢, = 4/(7/2«)f¥. Then the sequence {Z,} is such that |£,| > 00, 


wren = |ff,/(}5]] > ever, 
provided that | | (™)e—a < J (=) d, 


or lz—{,| < d, 


and |f,| sufficiently large. This completes the proof of the theorem. 


5. A more general result emerges on considering functions regular 
in an angle. The following result has been obtained previously. 


Lemma 6.+ Suppose that the function f(z) is regular in the angle 
8 < argz < 4n—8. Suppose also that 


lim loglog M(r) bs 2, (i) 
logr 


where M(r) = max|f(re*®)| . <6 < }n—8S), 


lim s “log! f(re®)| < 4x, 


a— 3 i(}7r—8)) | 
meee i7-9))| < 4, 


lim ——,log| flemn)| < 47. (iii) 


|2myn|—> 00 |@m, n\ 


where there is one Z», corresponding to every S,,,, whose area within 
the angle is greater than 3, and the distances of the z»,, from the arms 
of the angle and from each other exceed some positive py. 

Then, for all 6 such that 8 < 0 < 4n—8, 


i0) | 
lim nel ")I < 


the result holding uniformly in 8. 


From the above result the following lemma is deduced. 


+ B. J. Maitland (3). 
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Lemma 7. Suppose that f(z) is regular and of order two in the angle 
ljargz| < «, where « < }n. Suppose also that 


Tim -,log| f(re**) 
ro Tr 
and that lim log sat f) _ har 


To 
where M(r,f) = max |f(re*)}. 
—a<0<a 
Let d be any number less than 4. 
Then there exists a sequence of points C,, fs, fs,..., distant at least 


d from the arms of the angle, such that 
Sil < [20 


and |C,| > 0 as s > 0, and that, given any « > 


> 


log|f(z)| > (7—«)[z12, 
provided that |z—f,| < d, where s > s8,(e). 


Proof. Let g(z) = f(Ae-**“z); so that g(z) is regular in the angle 
5 < argz < 47—5, where 6 = (}7—a«). Also 


_ loglog M(r, q) 


= 2, M(r,g) = max |g(re**)|, 
st 08 logr 8<0<}n7-5 


— log |g(re ee | at F 
and lim Big@ ) A? lim —log| f(re-) |; 
TT @ a T>« es 


lo g(reta7r—) | 
iim 1089 
T—> cO r2 


| — 2 fim + log] firet)|. 
T> @ on 


Let A be chosen greater than 1 but sufficiently near 1 for the 
following to be true: 


iim : —log|g(re®)| < 4n, (5.1) 


rT—> 7 


-——- J ad se 
and lim —log|g(re*47-®)| < 4. 
o 7 


| 
Tm 


Also lim log ch 9) 


To r 


nas AarA? > $7. 

Let Sy, be the square concentric with S,,,,, and of side 2d <1, 
the sides of S,,,, and S>,,, being parallel. Also let 2%, be the point 
within the 


in or on the boundary of S},,, (or that portion of SF, , 
angle 6 < argz < }7—5S) for which |g(z)| is least. A point z,,,, is 
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thus defined for every square S,,,, the portion of which within the 
angle is greater than $. Then 
lim nena > Jn, (5.4) 
|Zm,n|—> 00 mn 
because, if (5.4) were false, it would follow from (5.1), (5.2) by 


Lemma 6 that fing log J me M(r.g) — 


ro 
which contradicts (5.3). Hence - 4) is true. 
Thus there exists a sequence of squares {S,,,,.} (¢ =1, 2, 3,...) 
tending to infinity, such that 


< }r, 


Him [0819 mane)! > ty, (5.5) 
\Zmnsnel™ " 

It follows from (5.1) and (5.2) that only a finite number of these 

squares meet the arms of the angle 5 < argz < }n—8. These may 

be omitted from the sequence {S,,,,,,} which is renumbered accor- 

dingly. Let cf, OF, GF... be the centres of S), n,, Siem Sinan 

respectively. Then the circle |z—{*¥| <d lies within the closed 


square S* ,, and it follows from the choice of z,,,,, that, if z lies 


within this pen then 
\g(z)| > |9(2m,,n.)|- 


Thus from (5.5), if e« is any positive number, 
log |g(z)| =e ey 
\z|? ae 
provided that, for some (* where s > s8,(e), |z—C¥| < d. 
Let €, = (C¥e-*74/A). If e > ‘¢ 
lo 
log f@)! ~ yy 


weeP > Geto 


d?’ 


provided that sor — ES <d (s>8;(e)), 


that is |jz—l,| << Ad (8 > 8,(e)). 
Since A may be chosen so that 1< A < | (7 =) it follows that 


BIT) S da —e) 


lz|* 


provided that |z—{,| < d (< Ad). This is the required result. 
It is now possible to prove Theorem IT. 
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Proof of Theorem II. Let 


Then lim —>- _—__“ == fy, 
where M{ f(z), 7, «*} = max | f,(re®)|, 
10| < a” 


and a* = jap < }n. Also 


lim - mane wa ~ < dn. 


T> co 


The function f,(z) is regular in the angle |jargz| < a* < }n, and 
satisfies the further hypotheses of Lemma 7. Therefore, if d* is such 
that d < d* < }, there exists a sequence of points (¥, (¥, ¢...., 
within the angle and distant at least d* from its arms, such that 


Il < \cF | S |e | < i oO, 
and that, given any e« > 0, 
log| f,(2)| > (7—e)|z|*, 

provided that |z—¢*| < d* and s > s,(e). 

Hence 

9 9 
log | f(z)| == log ‘nl = =) a > (dar—e) — |z |e a si ce ee [z|P, 
; | J be a 7 

provided that igi < d*, s >8,(e). That is, provided 
that |zt#ep—f}P| < d*,/(m/2x), where 6, = (/2x)"PC*2P, and s > 8,(e). 


But, if, as in the hypotheses of the theorem, 


Je—f5| < (2d/p)/(m/2x)|f,|?-¥, 


it follows that |z/Z,| > 1 as |f,| > oo. Then 
\(e-—2h)/(e—£,)| > bpleglt 


The hypothesis on |z—{,| given in the enunciation of the theorem 


leads, when |€,| is sufficiently large, to 


e—tee| < (F}hole Sue 


d* 2d, 7 
aS ie ip, | oe 
since (d*/d) >1. That is, 


|ztep— Cte] < d*,/(7/2k). 
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Hence log| f(z)| > («—e)|z/P, 
provided that |z—l,| < (2d/p),/(a/2«)|f,|1-”, 8 > a(~*), and |,| is 
7 


sufficiently large, that is, s > s’(e), where s’ > a(« =, 
7 


6. Theorem II yields information about the flat regions of an 
integral function. Suppose that f(z) is an integral function of order 
p > 0, and type « > 0, and that 

i0 
h(6) = lim 08'S ie ait 1 (6.1) 
It is well known that A(@) is a continuous function of 6, that h(@) < x 
for 0 < 6 < 2m, and that h(@) attains the value « for some value or 
values of 6. 

If h(@) has a strict maximum at @ = 6), then there is an arbitrarily 

small 6 > 0 such that 


< h(6). (6.2) 


lim 


ro 


Hence, if d< 4, « > 0, it follows from Theorem II that there 
exists a sequence {f,}, where |f,| < |¢,| < |¢3| < ... > 00, such that 


the circles 
2d 7 i1-4p 
—61< = / (ars) el 
lie in the angle (6,—5, 0,+-8), oa if z is a point in the circle with 
a log|f(e)| > (0) —e}lelP, (6.3) 


provided that s > s”(e). 

If h(@)) = x, but A(6,) is not a strict maximum, the problem needs 
further consideration. ¢ is no real limitation to assume that 0, = 0. 
Then, if e, > 0, let g(z) = f(z)exp(e, 2), and let 


log | f( (retOo+8))) a 
rP 


H(0) = fim W8igre”)| (6.4) 


To 7vP 
The function H(@) has a maximum value («+e«,) when @= 0. Let 
d be less than 3, and e, be so small that // (")a = d* < j. 
K 


Then, if 5 > 0, « > 0, there exists a sequence of points {Z,}, where 
\¢,| increases steadily with s and tends to infinity, such that 


log|g(z)| > («+-«,—«)|2/?, (6.5) 
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provided that 


a a 2d* ee r va (=) |1—ip 


and s > s"(e). Also the above circles lie within the angle |argz| < 6. 

Since (6.5) is equivalent to 

log | f(z)| > («+e,—e)|z|Pp—e, RP > (k—e)|z2/P, (6.6) 
Theorem IIT has been established. 

In concluding this paper I should like to express my gratitude to 
Miss M. L. Cartwright for the suggestion that directed my attention 
to the behaviour of an integral function at points {z,,,,}, in place of 
the more usual lattice points {m-+-in}. This fruitful suggestion is the 
basis both of this and of my previous paper. 
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